The concept of observable cloning introduced by Ferraro et al. [J. Phys. A: Math. Theor. 39, L219, 2006] is developed in some essential aspects. As figure of merit, we justify a relative entropy of the joint distribution at the output to the product of independent distributions at the input. It is shown that the impossibility of observable cloning can be caused by set of possible input states. Like incompatibility of observables, this fact is also key aspect in the cloning process for class of observables. A no-cloning principle for a single observable is formulated. For a given observable, there exist pairs of states such that perfect cloning is impossible. We discuss some properties of those sets that do not allow the perfect cloning of the prescribed observable.
Introduction
Today it is growing clear that at the quantum level nature hands us the powerful tools for information processing [1] . The research field is now too large to list the topics in this section. In all the topics we manipulate with information by encoding symbols into quantum states. Due to the crucial sensitivity of quanta, the problem of (exact or approximate) copying is of great importance. The well-known disclosure was made by the no-cloning theorem [3, 4, 5] which tells that non-orthogonal quantum states cannot be cloned. This result was extended to the case of mixed states [6] . Surprisingly, in composite systems the no-cloning principle for orthogonal states holds [7] . The subject of approximate cloning of quantum states was originally studied by Bužek and Hillery [8, 9] . In the past years, many results and scenarios have already been developed in this area [10, 11] . Here we just mention several themes of special interest. In despite of the done progress, the cloning of mixed states is scantily known due to additional aspects of the problem. In this regard, some valuable results were obtained in the papers [12, 13] . Quantum cloning is naturally connected with analysis of eavesdropping strategies and Bell's inequality [14, 15] . In the context of quantum cryptography, the asymmetric cloning machines are subiects of considerable researches [16, 17, 18] . Utilization of cloning is warrantable approach to the problem of joint measurement [19] . This problem is subject with many facets concerning the foundations of quantum theory [20, 21, 22] . In connection with the stronger no-cloning theorem [23] , the cloning with a priori information in the ancilla have been studied [24, 25] . The writers of [26] established the no-cloning theorem for unitary transformations.
The concept of cloning for class of observable was developed by the authors of the papers [27, 28] . Let we have a device dealing with a signal qubit in unknown state and a probe qubit prepared in the known state. As the authors of [27, 28] said, an observable X has been cloned if its measurement on either the two qubits at the output gives the same statistics as it was measured on the input signal. This is reasonable approach to copying of information encoded in quantum signals. Indeed, any user of quantum channel, legitimate or intruder, attempts to decode information by some measurements in the final stage. In the quantum cryptography, a direct eavesdropping strategy would be for Trudy trying to clone the states used by Alice and Bob. Instead of this, Trudy may want to "copy" statistics of future Bob's measurement. Of course, here Trudy must know some details of the encryption algorithm. Due to the Kerckhoffs principle, such situations are usual in the real world. This principle states that the strength of a cryptosystem does not depend on keeping the encryption protocol secret [29] . Obtaining the same statistics in the measurement does not require quantum states to be identical. Below this will be considered in details.
Statement of the problem
In this section, we introduce and analyze thoroughly the notion of perfect cloning of observable. As every, we denote d-dimensional complex vector by C d . A nonzero vector of C d describes a pure state of quantum system which is usually referred to as "qudit." In quantum information tasks, used states are typically form a specified set. Let B denote such a set of density operators on C d . We consider a device in which a signal qudit (say, qudit 'A') interacts with a probe qudit 'T' prepared in the known fixed state ̺ 0 . We know that state ρ of signal qudit is an element of the prescribed set B, but we do not know what exactly. This situation is commonly arisen in quantum information processing. Then the system 'AT' interacts unitarily with an environment. In general, the evolution of open quantum system is described by completely positive linear maps [1, 2] . In the realm of quantum information these maps are referred to as quantum channels. In the certain cases, a channel can be decomposed into concatenation of other channels [30] . So, two input qudits are processed via quantum channel E acting as a map on the set of density operators. To describe deterministic physical process, this map should be trace-preserving completely positive [1, 2] . After interaction, output density operator of system 'AT' is described by
The output state of each of qudits are obtained by the operation of partial trace,
where the traces are taken over space of qudit 'T' and space of qudit 'A' respectively. We still have no distinctions with usual statement of cloning problem.
Consider now the notion of observable cloning. Let X denote a qudit observable to be cloned. The spectral decomposition of observable X is
where λ j denotes an eigenvalue and P j is operator of orthogonal projection onto the corresponding eigenspace. The measurement of X on the input signal ρ will generate probability distribution {p j }, where
We shall now obtain a statistics of measurement at the output of process. There exist the following two scenarios.
(i) At the output, the observable X is measured on one qudit solely, either on 'A' or on 'T'. If observable X has separately been measured on qudit 'A' then probability of outcome λ j is equal to
If observable has been measured on qudit 'T' then probability of outcome
Each of the two probability distributions {q j } and {r k } should be compared with the original distribution {p i }.
(ii) At the output, the observable X is measured on both the qudits 'A' and 'T' simultaneously. In this case we obtain joint distribution {t jk } with probabilities
In the peak of perfection, we would like to achieve the equality t jk = p j p k for all values of labels j and k. This was meaning that the two independent measurements over the two originals ρ should have performed. So we must to compare the distribution {t jk } with the distribution {p j p k }.
The authors of Ref. [27] have considered the scenario (i), and only in terms of mean value of observable. At the same time, they say about reproduction of measurement statistics. So, it is natural to run a discussion in terms of probability distributions immediately. In addition, the scenario (ii) should be analyzed due to its direct connection with concealment of eavesdropping. We will closely discuss these questions. But above all, the explicit notion of perfect cloning of observable must be given.
Specification of perfect cloning of observable
We shall now justify that the perfect cloning is provided when t jk = p j p k in the scenario (ii). Consider, for example, the following situation. According to the chosen protocol, Alice generates a sequence of signals. Then she sends these signals to Bob one after another. While information is transmitted via communication line, it is exposed to untruding activity by Trudy. Namely, 
This is standard rule for conditional pobability as ratio of probability of event λ j λ k to probability of event λ k [31] . Of course, Trudy would like to attain the following two goals. Whatever Trudy's result may have been, the equality {q
That is, the intrusion into the communication line cannot be detected. For any given r k , it follows from (9) that t jk = p j r k for all j. But foremost, Trudy insisted that the distribution {r k } should be identical to the original distribution {p k }. This inevitably leads to the equality t jk = p j p k for all j and k. It is for this specification that the term "perfect cloning of observable" is to be used.
We shall now expose the above statements on the example of qubits (d = 2). Let (σ x , σ y , σ z ) denote the Pauli matrices, σ 0 ≡ 1. The original signal can be rewritten as ρ = 1 2
where v 0 = 1, real three-dimensional vector v is the Bloch vector for the state ρ [1] . There is an analog of the Bloch presentation in d > 2 dimensions [32] . So, the output density matrix of two qubits can be expressed by
where w 00 = 1. Since the Pauli matrices are traceless, from (2) and (3) we get
It is easy to check that j|σ x |j = j|σ y |j = 0 and j|σ z |j = (−1) j for j = 0, 1. By calculations, we obtain the following. When the observable σ z is measured on qubit 'A', associated probabilities are
When the one is measured on qubit 'T', probabilities are r 0 = (1/2)[1 + w 0z ] and r 1 = (1/2)[1 − w 0z ]. The identity of probability distributions {q j } and {p j } implies that w z0 = v z ; the identity of probability distributions {r k } and {p k } implies that w 0z = v z . This is matter of scenario (i). But the equalities w z0 = v z and w 0z = v z are not sufficient to provide t jk = p j p k . If the observable σ 3 is simultaneously measured on each of two qubits, then the joint probability distribution contains t 00 = (1/4)[1 + 2v z + w zz ], t 01 = t 10 = (1/4)[1 − w zz ] and
Only these relations are ensured by w z0 = w 0z = v z . When Trudy has obtained her result, a statistics in Bob's test is affected. This fact is expressed by presence of w zz in relations for t jk . The observable σ z would be cloned perfectly, if and only if the equality w zz = v 2 z holds. The latter implies that
(14) This is matter of scenario (i). It must be stressed the following. Even if we ensure the equality t jk = p j p k for one of pairs jk = 00, 01, 10, 11 only, then we inevitably ensure the equality for all the pairs. In the cases w zz = v
Basic definitions
In this section, we give accurate definition of cloning for a single observable and class of ones. To evaluate a merit of observable cloning, good measure of distinguishability for probability distributions is needed. In the present paper, we use relative entropy as figure of merit. In principle, entropic measures are well-known instruments of information theory [33] . They provide tools for delivering bounds on quantities of interest in quantum information theory [34] . Let the probability distributions {p j } and {q j } be given. The relative entropy of {p j } to {q j } is defined by [1, 33] 
In this definition, we use the convention that 0 ln(0/q) = 0 and p ln(p/0) = +∞. The relative entropy is non-negative, i.e. H(p j ||q j ) ≥ 0, with equality if and only p j = q j for all j [1] . The relative entropy is closely related to other information measure. For example, the doubled relative entropy is bounded from below by square of L 1 -distance. That is, we have
where D(p j , q j ) := (1/2) j |p j − q j |. The inequality (16) is known due to Pinsker [2] . There exists a quantum analogue of the Pinsker inequality [35] . In view of the reasons of previous paragraph, we will use the measure
If the observable X has been cloned perfectly then H(t jk ||p j p k ) = 0. Otherwise, the cloning process is approximate. We shall now give an explicit definition of cloning machine for observable over the prescribed set of signals. 
So we complete the notions of the paper [27] in the following important respects. First, the set B of possible inputs is prescribed. This situation is commonly arisen in quantum information processing. But above all, the structure of B can prevent the perfect cloning even for a single observable. This key restriction will be proved in the next section. Second, we properly introduce the figure of merit that immediately deals with probability distributions. In opposite, the authors of [27] initially qualify the cloning of mean value of observable as the observable cloning. Afterwards, they argued that in the case d = 2 the cloning of the mean value is equivalent to the cloning of the whole statistics. So, by "observable cloning" the authors of [27] rather mean a replication of original probability distribution. But their reasons hold in the two-dimensional case only. Let us consider two states of spin-1 particle,
written in the eigenbasis {|− , |0 , |+ } of spin component J z along axis z. The mean values of J z in both the states are zero, because
and tr A (ρJ z ) = 0|J z |0 = 0 due to J z |± = ± |± and J z |0 = 0. But the respective probability distributions {p k } = {1/2, 0, 1/2} and {q k } = {0, 1, 0} are distinguished maximally, since the relative entropies H(p k ||q k ) = H(q k ||p k ) = +∞. In general, the cloning of observable and the cloning of its mean value are quite various tasks. In the present paper, we consider the observable cloning via replication of statisics from the very outset. All the our reasons do not depend on dimensionality of Hilbert space. The discussion has just been held in terms of probabilities. However, we cannot restrict our consideration to one observable only. In many respects, it is useful to decompose the set of all observables on C d into classes which are mutually exclusive and exhaustive (for basic definitions, see [36] ). By natural extensions, we obtain the following. Definition 2. Let C X be a class of observables, and let B be a set of density operators. A cloning machine with the worst case merit H W is quadruple
Of course, there is more than one way to evaluate a merit of observable cloning. For examle, the trace distance between outputs of cloning machine would be involved as figure. Recall that the trace distance between ρ and ω is defined by [1, 2] D(ρ, ω) := (1/2) tr A |ρ − ω| .
There is an alternative definition in terms of properties of quantum operations [37] . Because D(p j , q j ) ≤ D(ρ, ω) for any measurement on states ρ and ω [1, 2] , the equality D(ρ, ω) = 0 ensures the identity of probability distributions {p j } and {q j }. But the perfect cloning of states is forbidden [3, 6] , and in the nontrivial cases we always have nonzero trace distance between outputs. On this base, we do not say anything about merit of statistics reproduction. So we will use the relative entropy as figure of merit.
In the papers [27, 28] the authors paid key attention to the incompatibility of observables and its influence on the cloning process. This is significant but salient aspect of the question. Meanwhile, a structure of set of potential inputs is also very important for obtaining good merit of observable cloning. As a first step, we consider possibility of perfect cloning. It turns out that even single observable cannot be cloned under certain conditions.
No-cloning of a single observable
In this section we establish the main result of the present paper. Before proof of the result, we recall the notion of fidelity between quantum states [38, 39] 40] . So the fidelity between two density operators ρ and ω is defined by
Note that Jozsa [39] used the word "fidelity" for the square of the right-hand side of (23) . In some respects, this is more convenient use [25, 42, 41] . In the present paper, however, by the fidelity we will mean the sum of singular values of √ ρ √ ω. We are also needed in the concept of purification [39] . Suppose we are given two mixed states ρ and ω of qudit 'A'. Introducing another qudit 'B', we can imagine that states of qudit 'A' arise by partial tracing from pure states |Ψ and |Φ of a total system 'AB' [39] . That is,
Here pure states |Ψ and |Φ are purifications of ρ and ω respectively. Due to Jozsa [39] , we have the definition of fidelity via purifications. Namely,
where the maximum is taken over all purifications |Ψ of ρ and |Φ of ω [1] . The fidelity function enjoys many useful properties [33, 43] . The statistical interpretation for the fidelity is posed in terms of POVM measurement [43] . Recall that POVM {M m } is a set of positive operators M m satisfying the completeness relation
where 1 is the identity operator on the space C d [1, 2] . Let us introduce also the classical fidelity between probability distributions {p j } and {q j } by [43] 
The traces tr A (M m ρ) and tr A (M m ω) gives the probabilities of obtaining a measurement outcome m. The authors of Ref. [43] showed that the fidelity satisfies
where the minimization is over all POVMs. Thus, the quantum fidelity is lower bound for the classical fidelity generated by measurement. This fact is of great importance for our aims. Returning to the problem of observable cloning, we obtain the following key result. Theorem 3 (No-cloning principle for a single observable). Let measurement of observable X be described by PVM {P m }. The observable X cannot be cloned with H W = 0 over each pair {ρ, ω} of those states that
Proof. Suppose that observable X has been cloned perfectly over two different inputs ρ ′ and ρ ′′ . Then associated probabilities are t
(31) Due to the statistical interpretation (29), we have
However, the fidelity cannot decrease under trace-preserving quantum operation, that is
where the multiplicativity is used. Together the last two relations imply that
This inequality is the negation of precondition (30) . Thus, the inequality (33) is necessary condition for perfect cloning of observable over two input signals. The statement of Theorem 3 gains new insight into the problem of observable cloning. It is natural that incompatibility of observables is a base for many restrictions in quantum theory. The subject of observable cloning is no exception. But another key aspect is dictated by a set of states into which we encode information. We will now study a kind of those sets that are intolerant to perfect cloning of given observable.
Some properties of intolerant sets
There are two clear cases, F (ρ, ω) = 0 and F (ρ, ω) = 1, for which the condition (30) cannot be valid independently of observable to be cloned. So we will mean that 0 < F (ρ, ω) < 1. In such a case, if for given observable X the equality
holds then perfect cloning of X over pair {ρ, ω} is impossible. It is known that the equality (34) takes place if and only if [33, 43] 
for all m and some set {z m } of complex numbers. For any two density operator, a minimized POVM can always be constructed [1, 43] . On the other hand, for the given POVM we can select those pairs of density operators that the condition (34) is fulfilled. Here the transitivity takes place, because if the pairs {ρ, ω} and {ω, ̺} satisfy the condition of the form (34) then the pair {ρ, ̺} also satisfies this condition. Indeed, together with (35) we have
So we obtain some equivalence class of density operators. It turns out that this class is uncountably infinite. First, we consider pure states, when the fidelity is reduced to the modulus of inner product. In the cloning of observable X, some projection-valued measure {P m } is a priori given. Then probabilities are expressed as p m = ψ|P m |ψ and q m = φ|P m |φ . The proof of the following statement is given in Appendix A. Parameter f is continuously varied in the interval from min{p m } 1/2 to 1. So we obtain uncountably infinite set of pure states with the desired properties for any prescribed |ψ . Using the concept of purifications, this result can be extended to the case of mixed states. We can now prove the claimed generalization. Proof. For given PVM we build projection-valued measure {P m ⊗ 1} on the space C d ⊗ C d of total system 'AB'. We take some purification |Ψ ′ of mixed state ρ. To the chosen state |Ψ ′ assign a pure state |Φ ′ such that
where
′ . This possibility is ensured by Lemma 4. We now define mixed state ω as partial trace
It is clear that p 
due to the definition (26) . Simultaneously, we have F (p m , q m ) ≥ F (ρ, ω) by the statistical interpretation (29) . Hence, the equality F (p m , q m ) = F (ρ, ω) is provided. According to the statement of Lemma 3, the fidelity F (ρ, ω) can be varied between values min{p m } 1/2 and 1 by changing the built state ω. Thus, we collect density operators into equivalence class according to the condition (34) . To any observable X we can assign such a class with uncountably infinite number of elements. Each class can further be decompose with respect to the value f of quantum fidelity between two states. If quantum channel E is unistochastic then the general scheme of arguments may be extended using the notion of partial fidelities. Uhlmann [44] introduced k-th partial fidelity between density operators ρ and ω by
Associated k-th classical fidelity has also been defined [45] . It turned out that all the partial fidelities cannot increase under any unistochastic quantum operation. This type of channel implies that the initial state of the environment is maximally mixed [2] . This is common situation in the real word, when our device is exposed to thermostat influence. Here an observable cannot be cloned with H W = 0 over each pair {ρ, ω} of those states that
Similar to Theorem 3, this result can be proved in the same manner. We refrein from presenting the explicit calculations.
Example of perfect cloning of observable
In this section, we give explicit example of perfect cloning of single observable over pair of states. The example shows that cloning of observable with H W = 0 is quite realistic task. Of course, the possibility of perfect cloning is provided by relevant choice of input signals. We consider the simplest variant in which d = 2 and influence of environment is negligible. So the two qubits 'A' and 'T' unitarily interact with each other. It is convenient to introduce two mutually orthogonal states
where θ ∈ [0; π/2]. We also define a family of states depending on real parameter ϕ, |ϕ := sin θ|0 + e iϕ cos θ|1 .
The measurement of observable σ z = |0 0| − |1 1| on the state |θ generates probability distribution {cos 2 θ, sin 2 θ}; on the state |ϕ the one generates probability distribution {sin 2 θ, cos 2 θ} independently of ϕ. So, the classical fidelity between these two distributions is F = sin 2θ. In general, the two distributions differ and F < 1. We shall now decribe a procedure for perfect cloning of observable σ 3 over pair |θ and |ϕ . The overlap between these states is equal to | θ|ϕ | = cos θ sin θ|1 + e iϕ | = sin 2θ| cos(ϕ/2)| .
The perfect cloning is possible when | θ|ϕ | ≤ F 2 , that is reduced to
Further, we assume that θ|ϕ = 0, 1. Indeed, orthogonal (and identical) states can be perfectly cloned, so this case does not add anything new into discussion.
Under the above premises, we describe the perfect cloning of observable σ 3 .
Initially, Trudy prepares her qibit 'T' in the state |θ . Then she performs a unitary transformation on C 2 ⊗ C 2 specified by
By the unitary property, we obtain the constraint
whence exp(iϕ/2) cos(ϕ/2) = exp[i(ϕ ′ + ϕ ′′ )/2] sin 2θ cos(ϕ ′ /2) cos(ϕ ′′ /2). Of course, the specification ϕ ′ = ϕ and ϕ ′′ = ϕ is forbidden by the no-cloning theorem. But this is not necessary for exact reproduction of the statistics. For arbitrary values of ϕ ′ and ϕ ′′ , the needed distribution {sin 2 θ, cos 2 θ} is provided at the output on both the qubits 'A' and 'E' ! The choice ϕ ′ = ϕ ′′ = ϕ leads to ϕ = 2ϕ ′ and 2 cos(ϕ/2) = sin 2θ(1 + cos ϕ ′ ), whence
For given θ, we calculate values of ϕ ′ and ϕ. With respect to the basis {|θθ , |θθ , |θθ , |θθ }, transformation U is described by some unitary matrix. For instance, we take
All the made calculations are gathered in Appendix B. It can be checked that the four column vectors of this matrix are mutually orthogonal and unit. Note that only first and third columns are strictly kept, just by Eqs. (47) and (48). Choice of the rest of the matrix is left up to us. The only thing we must observe is the unitary property. From the presentation (52), we can obtain a presentation with respect to any other basis, including computational basis {|00 , |01 , |10 , |11 }. We do not enter into details here.
Wehave described the example of perfect cloning of single observable over pair of pure states. This example is non-trivial, because θ|ϕ = 0, 1 and the original probability distributions {cos 2 θ, sin 2 θ} and {sin 2 θ, cos 2 θ} are different. Whatever of original signals |θ and |ϕ may have been at the input, at the output the simultaneous measurement on qubits 'A' and 'T' gives jont distribution {t jk } = {p j p k }. Therefore, for each of input signals the relative entropy H(t jk ||p j p k ) = 0 and H W = 0. So, for both the inputs Trudy have obtained exact original statistics, and the statistics in Bob's measurement is not affected someway. The cloning with H W = 0 became possible due to the validity of | θ|ϕ | ≤ F 2 . In other words, the pair {|θ , |ϕ } was chosen to be tolerant to cloning of observable σ z .
Conclusions
We have developed the concept of observable cloning. First, the specification of perfect cloning of a single observable was justified. Second, the explicit definition of observable cloning over the prescribed set of states was given. As figure of merit, the relative entropy was justly utilized. In parallel with the incompatibility, the character of potential input signals can forbid the exact reproduction of statistics at the output. The clarification of this clothed aspect gained new insight into the subject of observable cloning. The no-cloning theorem for a single observable has been established. Together with the no-cloning theorem for class of observables known already, our theorem allow to reveal general frames of observable cloning. We have also investigated some properties of those sets that are intolerant to perfect cloning of given observable. The explicit example of perfect cloning of observable has been described. This example shows that the perfect cloning of one observable is quite realistic. If the perfect cloning of single observable is forbidden then a problem of optimal approximate cloning is arisen. This question remains for the future investigations.
A Proof of Lemma 4
First, consider PVM with one-dimensional elements, that is rank(P m ) = 1 for all m. 
where coefficients c m = e m |ψ . Multiplying each |e m by phase factor properly, we can always make all the coefficients c m positive reals. Under this assumption, we define a state 
(56) This lower bound is reached when b m = 0 for all c m = min{p m } 1/2 . Therefore, the fidelity | ψ|φ | ranges between min{p m } 1/2 and 1. This completes the proof for one-rank PVM. Suppose now that element P m has rank N (m). Then we write the spectral decomposition 
For each fixed m, the N -tuples (c m1 , . . . , c mN ) and (b m1 , . . . , b mN ) of real numbers can be viewed as N -dimensional vectors of real space R N . Then the lefthand side of (62) is their scalar product, the right-hand side of (62) is the product of their lengths. According to the Cauchy-Schwarz inequality, the equality (62) is valid if and only if these two vectors are linearly related. In other words, for all n and fixed m we have b mn = γ m c m with some positive y m . Of course, in total numbers γ m are kept by the condition φ|φ = 1. In the same manner, we can show that the quantity | ψ|φ | ranges between min{p m } 1/2 and 1.
B Calculation of matrix elements
The first step is to decompose basis vectors |0 and |1 as linear combinations of |θ and |θ . Solving the system (42)- (43) with respect to |0 and |1 , we obtain |0 = cos θ|θ + sin θ|θ , (63) |1 = sin θ|θ − cos θ|θ .
Substituting these expressions in Eq. (44), we obtain the representation (51) with coefficients α = 1 + e iϕ sin θ cos θ = e iϕ/2 cos(ϕ/2) sin 2θ ,
In the representation |ϕ ′ = α ′ |θ + β ′ |θ , coefficients α ′ and β ′ are derived by replacing ϕ with ϕ ′ . Note that α = (α ′ ) 2 due to ϕ = 2ϕ ′ and (50). The specification (47)-(48) can now be rewritten as
Multiplying the left-hand side of Eq. (67) by each of four basis vectors |θθ , |θθ , |θθ , |θθ , we obtain the first column of the matrix (52), namely (1, 0, 0, 0) T . In the same manner, the third column (0, u, u, v)
T of (52) is derived from Eq. (68). Adding to these columns other two, say (0, 0, 1, 0)
T and (0, 0, 0, 1) T , we can apply the Gram-Schmidt orthonormalization process. As a result, we obtain those orthonormal columns that form the matrix (52).
